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Radiation-Corrected Open-Ended Coax Line
Technique for Dielectric Measurements
of Liquids up to 20 GHz

Yan-Zhen Wei and S. Sridhar

Abstract —An experimental technique and associated analysis are
described for the measurement of the dielectric constants of liquids at
microwave frequencies using an open-ended coax probe. The analysis
includes radiative corrections to the probe-liquid interface impedance.
The technique is applicable to liquid and liquidlike (e.g., biological)
samples, having dielectric constants comparable to water, at frequencies
up to 20 GHz and possibly as high as 40 GHz.

I. INTRODUCTION

N open-ended coax line affords an excellent noninva-

sive probe for measurements of the dielectric constants
of liquids at microwave frequencies [1]-[3]. Although there
have been several attempts to use such probes, experimental
and analytical limitations have restricted the usable fre-
quency range to only a few gigahertz, particularly for high €’
liquids such as water. The principal difficulties arising with
such measurements are (1) accurate determination of
the frequency-dependent probe-end impedance in vacuum,
(2) elimination of spurious impedances such as those due to
connector mismatch, (3) indeterminacy of probe parameters,
and (4) accurate modeling of the probe-liquid interface
impedance after the above problems are eliminated.

We have recently developed a technique [1] for measure-
ments of the €’ and €” of liquids up to 20 GHz utilizing an
ultra-small-diameter (0.047 in.) coax line dipped in the lig-
uid. Impedances were measured using an HP8510 network
analyzer with an HP8341B synthesizer. The probe-liquid
interface impedance was modeled as a capacitance, and
radiation effects were minimized by the use of a narrow coax
probe. A new method of analysis (in terms of functions
called A’s) was developed by which, with the use of appropri-
ate calibrations, the unknown connector impedances and
such probe parameters as the fringe field capacitances
C;.C(w) were directly eliminated. It was shown that the
method could be successfully applied up to 20 GHz for
several liquids.

Radiation effects become increasingly important with in-
creasing w, €', and probe size and invalidate a simple capaci-
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tance approximation. In the absence of a good model incor-
porating such effects, we previously [1] adopted an empirical
approach to minimizing these effects by using the narrowest
convenient probe, viz. a 0.047 in. coax line and retaining a
capacitance approximation. While this approximation is quite
adequate for moderate €' liquids, such as methanol, the
procedure is less accurate for a high €’ liquid such as water
at higher frequencies, leaving a systematic residual uncer-
tainty for o /27 >10 GHz. In this paper, we present a
complete analysis incorporating radiation effects; Marcuvitz’s
expression for the admittance of an open-ended coax line
terminated by vacuum, is used, together with Deschamps’s
theorem to include the dielectric permittivity of the medium,
which removes the residual uncertainty at high frequencies.
Although the use of the narrow coax itself minimizes the
radiation effects and allows the application of Marcuvitz’s
approximation as a correction, the analysis presented here
greatly improves the accuracy of the deduced e(w) values.

In previous work [2] by Kraszewski et al., where calibra-
tions were used to account for transmission discontinuities in
the line, the analysis relied on a knowledge of the probe-end
capacitances. Consequently, the data range was limited to
5 GHz for water. Recent work [3] by Misra et al. does
consider radiation effects. However, because of the use of a
larger probe (3.6 mm), the approximation made by using
Marcuvitz’s expressions for the probe-end impedance, while
improving the methanol results from 1 to 18 GHz, is valid
only up to about 10 GHz for water and appears to break
down at higher frequencies (> 10 GHz) since the €' of water
is about one order of magnitude greater than that of
methanol. Higher frequencies are essential for aqueous sam-
ples, since the dielectric relaxation frequency of water is
about 17 GHz at ambient temperatures. Our approach [1],
which takes into account all of the factors mentioned earlier
through a different method of analysis and a narrow probe,
thereby making Marcuvitz’s approximation applicable to
higher frequencies, is significantly more accurate than previ-
ously possible.

II. DEscripTION OF THE TECHNIQUE

The measurement configuration (Fig. 1) consists of a nar-
row (0.047 in.) coax line cut flat at one end which is dipped
into the liquid. To the other end is attached an SMA
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Fig. 1. Measurement configuration.
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Fig. 2. Equivalent circuit for the measurement configuration. (a) The
T-network representation used in this work. The impedances Z; (i=
1,2,3) include line discontinuities, such as connector impedances and
also the probe capacitance. Z,, is the impedance seen by the ANA at its
measurement plane, Z is the impedance of the probe-liquid interface.
All elements of the figure are complex quantities. (b) Elements of the
probe-liquid impedance, including radiation corrections. The element
€C enclosed in the box represents a simple capacitance approximation
used in earlier work, while the remaining elements describe the radia-
tion correction.

connector which is then conﬁ'ectegi to an HP8510B network
analyzer. The syhthesized source (HP8341B) was used in the
step mode for higher accuracy. Pairwise reflection coefficient
data were collected for the sample liquid and three calibra-
tions [open, a short (liqqi;l Hg), and a standard liquid such as
acetone]. The calibration process locates the measurement
plane at the coax end. The transmission line from the ANA
plane to the coax end plane, inicluding connector and line
impedances and probe fringe capacitance, was modeled as a
T network with impedances Z,, Z, and Z; (see Fig. 2(a)).
The three calibrations eliminate these three impedances, and
from the fourth sample measurement the probe-liquid inter-
face impedance Z(w,¢) is determined.

In our earlier work [1], the coax-liquid impedance was
modeled as a simple capacitance Z(w,e)=1/Y(w,e)=
1/jwCe. For a complex C(w) and e, the equivalent circuit is
only a dissipative capacitor, shown in Fig. 2(b) enclosed in
the dashed rectangular box. In {1], the analysis of the data
from which e(w) was inferred is described in detail for the
above model. In this paper, we include radiation effects in
the model for Z(w,e) and describe the analysis to deduce
€(w) from a similar set of four measurements.

ool
92%%%
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Fig. 3. (a) Configuration for Deschamps’s theorem. (b) Actual configu-
ration used in this work.

III. RADIATION-CORRECTED THEORY OF OPEN
ENpED Coax LINE DippPED IN A LiQuiD

The fringe admittance of a vacuum-filled flanged open-
ended coax probe that opens to a half free space can be
represented generally as

Y(0,e=1)=G,(w,e=1)+jB,(w, e=1).
Marcuvitz [4] expressed G, and B, as
Y,
G,=—2
In(a/b)

(1)

w1
-fo( /2)sin0[Jo(koasin0)_Jo(kobsmo)]zde ©)

Y, -
Bu=m—”£/7)fo {ZSi[ko\/(a2+b2—2abcosa)]
—Si[2kgasin(8,/2)] —Si[2kobsin (6 /2)]}do. (3)

Here a and b denote the outer and inner radii of the line,
ko=w/c is the wavenumber in vacuum, and Y, is the
characteristic admittance of the line. Deschamps [5] pointed
out that the admittance of the vacuum-filled probe open to a
medium of e, u = 1, as depicted in Fig. 3(a), can be shown to
be

Y(ow,€)=VeY,,(Vew,1) (4)

where Y, is the admittance of the probe open to the free
space. Now the radiation from a Teflon-filled coax with
characteristic admittance Y, is equivalent to that from a

. vacuum-filled coax of the same size but with characteristic

admittance Y/ \/E,_ , where €, is the dielectric constant of
Teflon. If the vacuum-filled coax in Fig. 3(a) is replaced by a
Teflon-filled coax, the admittance Y, would be

Y (w,€) =VeY, (Vew,1)[ e, . (5)
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The configuration of interest here is an open-ended
Teflon-filled semirigid coax probe dipped into a liquid, as
shown in Fig. 3(b). There are two minor differences from the
configuration Fig. 3(a). First, the free-space probe-end ad-
mittance is different from Y, (w,1) obtained from (1)-(3),
owing to the absence of the flange. Second, Deschamps’s
theorem is only approximately valid for this configuration.
Here we introduce a frequency-dependent configuration
function of probe parameters a, b, and ¢,, viz. a(4,b,w,¢,),
which represents the medium-independent modifications to
the admittance, when applying Deschamps’s theorem to
Marcuvitz’s expression in the configuration of Fig. 3(b).
Hence the probe-end admittance of the Teflon-filled flat-end
coax surrounded by a liquid is approximated as

Y(w,e) =[G(w,e)+ jB(w,e)]=a(a,b,w0,¢,)Yy (6)
where
Yy =VeY,(Vew,1) e, )
Using (2) and (3),
B aYO\/e_
- ln(a/b)\/:
',[()(#/2)sm0 [7o(koVe asin6) ~ Jo( ko bsing)]” do
®)
3 aYo\/g
- ﬂ'ln(a/b)‘/e—,
-wa{ZSi[ko\/e(a2+b2—2abcos6)]
—Si[2koVe asin(6,/2)]
—Si [2k0\/e_bsin(6/2)]}d0. 9)

If we expand the integrals in the two above expressions in
powers of kq/e =y:
G(w,€) =ave
'(8172+8274+g376+"‘ )/\/g
(10)

+ gy +

B(w,e) =aye
'(bl’)’+b2‘y3+b3ys+---+ 2k-1, . /‘/—
(11)
we can write
Y=G+B=joC(w)é(w,e) (12)
where
C(w) =ab(cye;) (13)

is the fringe-field capacitance due to the electric field out-
side the probe. The quantity jwC can be regarded as the
exact coefficient of the lowest order expansion of Y(w,e€) in
powers of Ve for the semirigid coax probe dipped into a
liquid medium. In general, this could be different from that
calculated from the lowest order expansion of (6) because of
the differences between the two measurement configurations
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in Fig. 3. As we shall see later, the detailed functional form
of « is not important, as it gets eliminated. From (12),

é=(G+jB)/jC. (14)
Substituting
7 1 _ 1 1 s
(w’e)—Y(w,e) _G+jB_ij€ (15)
into [1, egs. (9-(12)], we obtain
A Z
A+ =2 47,27, = (16)
EA €A
A V4
A+ =24 Ay Zyy= 2 a7
€B €p
A y4
A =24 AyZ,0 =2 (18)
€c €c
A+— + A23ZM —_ (19)
é

where the A’s are functions of Z,, Z, and Z, (see Fig. 2(a))
and the €’s are obtained from (14) for different media
surrounding the probe end. We can further rearrange the
equations by substituting

(i=MA,MB,MC,M) (20)
where p, =T;e’® is the reflection coefficient of the open
(i = MA), short (i = MB), standard liquid (i = MC), or sam-
ple liquid ({ = M) from the probe end, into the above four
equations with a new set of A’s:

A+ Apés+Anpya=€sPpa (21)
A+ Apép+Ay.pyp=EpPus (22)
A+ Apéc+ Anpyc=E€cPuc (23)
A+ ApE+Appy=2Eépy. (24)
From here we see that the €’s and p’s satisfy
(€-€4)(ép—éc)  (Par—Pra)(Pus — Prac) . (25)

(g - 53)(€c - E-A) - (PM - PMB)(PMB - pMA)
It can be also shown that if (12) is substituted into the

alternative formulation of an S-parameter description of the
microwave network, i.e.,

(Y_X‘l)(YB_YC) _ (pM_pMA)(pMB_pMC)
(Y_YB)(YC_YA) (PM_PMB)(PMC"PMA)

which applies to the case of the reference plane “sitting”
between the fringe field C; due to the electric field inside
the coaxial line and C(w) the result given by (25) is ob-
tained. This shows the equivalence of an S-parameter de-
scription to the “lumped” circuit description of this work.

(26)

IV. RESULTS

The algorithm for the numerical analysis of the data is
shown as a flow graph in Fig. 4. The expressions (10) and
(11) for G and B were expanded to the 31st power of y
{most terms can be found from [3] and [6]). The coefficients
g, and b; were calculated using an IBM PC. They were
transferred 1o a VAX to calculate the coefficients of the
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Fig. 4. Flow diagram for the numerical algorithm used to extract
dielectric coefficients € from measured reflection coefficients p,,.
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Fig. 5. Results for ¢’ and ¢” for water between 45 MHz and 20 GHz.
O: radiation corrected results for 0.047 in probe, +: uncorrected results
for 0.047 in. probe. Also displayed are uncorrected results using a 0.141
in. probe (X’s), showing the large errors caused by radiation with
increasing probe size. The solid line represents a Debye fit to the
corrected 0.047 in. results.

complex polynomial é(w,e). Then é(w,e) was found for the
open, the short, and the standard liquid acetone, viz. €, £,
and é., respectively. The polynomial é(w,e) of deionized
water as a sample was then obtained from the three sets of
calibration data, the reflection coefficient p,, of the water
samples, and é,, €5, and &, (see Fig. 4). A zero-finding
program from IMSL was used to solve the dielectric constant
e of the sample from é(w, €) as expressed in (14), (7), and (8).

The radiation-corrected data of water, deduced from the
measurements using a 0.047 in. probe and the analysis de-
scribed above, are plotted in Fig. 5. Also shown are uncor-
rected results for a 0.047 in. probe and for a larger, 0.141 in.
probe, obtained using the capacitance approximation of [1].
For ¢, it is evident from Fig. 5 that the correction is small
(8¢'/ €' <3%) at w /27 <12 GHz and only slightly larger for
higher frequencies, reaching de'/e’'=10% for 20 GHz. The
corrections are larger for €” viz., ¢”/€¢” <10% up to 12 GHz
and 12% at 20 GHz. It is important to remember that this is
only true for the 0.047 in. probe. For larger probes, the
radiation effects are much greater, as may be seen from
Fig. §.

The corrected data can be fit to a Debye curve with
€y="77.6, €,=5.0, and 7= 7.9 ps (at the measurement tem-
perature T = 27°C), exhibited as the solid line in Fig. 4.
These parameters are more accurate than without the radia-
tion correction [1]. Thus the measurement allows the obser-
vation of the complete relaxation spectrum of water.

V. ERROR ANALYSIS

We next discuss the errors arising from two sources:
(1) random errors introduced by the measurements and
(2) errofs arising from inaccuracies in the calibration data.
The limitations of the coax-end impedance modeling, which
are at present difficult to quantify, are discussed in the next
section.

Experimentally we find that the largest errors (called dp,,)
introduced in the measurements of the reflection coefficients
P> are caused by long-term drift of the ANA, and are of the
order |8pys/pul~1%. The actual accuracy of the machine
(e.g., for measurements of an impedance at the terminal
plane of the test set) as stated by the manufacturer is much
greater, with errors of order '(0.1%; hence we ignore them
and consider only the long-term drift contributions.

Inaccuracies in the values assumed for the calibrations,
viz. the open, the short, and the acetone standard, could also
introduce errors in the deduced e values. The open calibra-
tion, done without any liquid, is taken to correspond to
€4=1. The short, carried out using liquid Hg, is also accu-
rate and corresponds to €} — =, In the following we examine
the possible effect of inaccuracies in the assumed values for
the acetone standard, i.e., a possible error of |8el/ef|=
|5€s /ell =2% at all frequencies in e, for which we have
assumed a Debye form.

Taking the derivative of (25), we get

€p— €y - €—€c -
NE RO
€ —€c - €p — €4 -
T @ 0G0 ey €
- PmB ~ Pma dp
(Psr = Pus) Pyt — Pra) M
Pm ~ Pmc d
(Pata— o) Prga— Paac) M4
Pm— Pmc
- dpus
(pmB =~ Pu)(PMB — Puc)
PmB ~ PmA
i (Pmc— PMB)(PMC ~ Pma) dpme 7
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TABLE 1
CaLcULATED ERRORS AND MEASURED STANDARD DEVIATION
OF € AND €”
Standard
Machine?® Acetone® Deviation®

f(GHz) b8€'/e' 8€"/€" b€ /€ b€"/e" 8€' /€ S€"/€"
0045 >030 >030 002 <0005 0.06 >1.00

1 0.25 025  0.02 001 001 0.05

5 0.05 0.06 0.02 0.01 0.01 0.03
10 0.04 0.04 0.02 0.01 0.003 0.02
15 0.03 0.04 0.02 0.01 0.01 0.02
20 0.02 0.02 0.02 0.01 0.01 0.01

#Calculated assuming a 1% shift of measured reflection coeffi-
cients, constant at all frequencies.

Calculated assuming a 2% error, constant at all frequencies, in
the assumed values for the standard.

“Experimental standard deviation determined from five sets of
measurements.

where dp,,, dpy 4, dpyp. and dpy,- come from the instabil-
ity of the ANA during the measurements and dé,, dég, and
dé. are errors from the accepted dielectric constant of
calibration standards. Substituting the open and short values
of |egl| == and e, =1, the above equation is simplified as

E—¢,

dé = ———dé,
€C - EA
. PmB ~ Puma
+(€—é |- dpy
(PM - pMB)(pM - PMA)
Pm — Pmc
+ dppa
(PMA - PM)(PMA - pMC)
Py~ Pmc dp
- MB
(PMB - PM)(PMB - pMC)
PmB ~ PMma
Puc |- (28)

+ d
(Parc — Pus)(Pyc — Prta)

In Table I, we show the possible errors induced by the
drift of the machine, taken to be |8p,, /0y = 1%, constant
at all frequencies. Also shown are the errors induced by an
error of (8¢l /el| =8¢l /el| = 2%, also constant at all fre-
quencies, in the assumed standard liquid e, values. The
third pair of columns in Table I lists the standard deviation
obtained from a set of five actual measurements, the varia-
tion being due to drifts in the machine.

One observation that is evident from Table I is that
although the errors are quite acceptable for frequencies
above a few 100 MHz, they are unacceptably large at the
lowest frequencies, 45 MHz to about 200 MHz. The primary
reason for this is the small probe size, which is inappropriate
for the lower frequencies owing to the following three fea-
tures: (a) the fringe field capacitance of the 0.047 in. probe is
too small, so that at low w the probe impedance is too large;
(b) at low w the reflection coefficient of the acetone calibra-
tion is too close to that of the open; and (c) at low w, the €”
of water is small. The calibration problem could be circum-
vented by the use of a different standard close to 50 Q, such
as a saline solution, for which, however, the e values are
not well known.

The above discussion points to the fact that in order to
minimize radiation effects at high w, one gives up accuracy
at low w. Thus the 0.047 in. probe is best used at frequencies
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> 500 MHz for liquids such as water. For lower frequencies,
it is better to use much larger probes with greater C(w); as is
well known, there are fewer measurement problems at low @

anyway.

VI. DiscussioN AND CONCLUSIONS

The “lumped” T circuit model used here gives a complete
description of the microwave measurement system. It is
simply another way of defining the linear response of the
microwave network with a set of parameters different from §
parameters. The mathematical equivalence between them
has been demonstrated in (25) and (26).

In this work, we have gone beyond a simple capacitance
approximation to the coax-liquid impedance by including
radiation effects. Essential to the approach is the experimen-
tal minimization of such effects by the use of a very narrow
probe, allowing the treatment of these effects as corrections.
We next examine the nature of the radiation treatment
considered here.

As discussed earlier, the experimental geometry does not
exactly correspond to that considered by Deschamps [5]. In
our treatment the effect of these differences is represented
as Y =aY,. Note that the detailed functional form of «,
which depends on probe dimensions ¢ and b, and frequency
f, is not important, since a cancels out in the process of
analysis. This factor is included primarily to account for the
absence of the outer screening conductor in Fig. 3(b) com-
pared with Fig. 3(a). The absence of this conductor should
reduce the effective capacitance from that-calculated from
the first term of Y, and this is in agreement with experi-
ments by Li er al. [6] and Kraszewski, et al. [7]. In general the
applicability of the above approximation will be limited by
increasing a, b, and f. The radiation contribution to the
impedance is greatly minimized for the narrow 0.047 in.
probe because at f =20 GHz, the wavelength in the liquid
A~1.5 cm/Ve', which gives the ratio of the probe aperture
and the wavelength 2a /A ~0.06/Ve’ . This smaller value
improves the validity of the approach here. From the results
of [7], we estimate that for a 0.141 in. probe, o < 0.845(1 +
0.25x1073f?), where f is in GHz, which ranges from 0.845
to 0.95 between 45 MHz and 20 GHz. The correction would
be much less for the 0.047 in. probe used in the present
work.

As noted previously, the detailed form of the dependence
of a on a, b, and w is not important. However, our treat-
ment does not account for a possible € dependence of a.

The other approximation made in applying Deschamps’s
theorem is the neglect of higher order modes beside the
TEM mode, which would be excited in the configuration of
Fig. 3(b). The actual contribution of such terms is difficult to
estimate. However it may be noted that the arbitrariness of
the factor & means that all terms linear in Y,/ are included in
the present analysis.

The radiation correction is not required for all liquids in
the frequency range from 45 MHz to 20 GHz, as we have
already shown in [1]. We examine the magnitude of the
radiation correction for various values of €' and its depen-
dence on frequency in Fig. 6. The correction is evaluated as

~ ’ =N "
€ —€ -

6?”/6 =

3¢ /e = (29)

where € =€ — jé” for hypothetical liquids with e =¢'=10,
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Fig. 6. Calculated magnitudes of the radiation correction, using a
0.047 in. probe, for hypothetical liquids with e=¢'=10 (O’), 20
(squares), 40 (+’s), 80 (diamonds), constant up to 30 GHz.

» 20, 40, and 80 and independent of frequency up to 30 GHz,
and for a 0.047 in. probe. A clear feature of Fig. 6 is the
strong « dependence, with the correction negligible at low
frequency but becoming increasingly important with increas-
ing w. For € = 10, the expected relative errors shown in Fig.

"6 are less than 5% for the real part; for the imaginary part
they are less than 2% for w /2w <20 GHz. Therefore for
liquids such as methanol, toluene, and methylene chloride,
‘whose dielectric constant is less than 10 at GHz frequencies,
no radiation correction is required up to 20 GHz. With
increasing ', the correction becomes increasingly important
with frequency. (The curve for €' = 80 also illustrates that the
first-order correction considered here is oscillatory.)

In conclusion we have presented an experimental method
and analysis, including radiative effects, for a technique to
measure dielectric constants of liquids at gigahertz frequen-
cies. The technique is applicable to liquid and liquidlike
samples having €' values comparable to that of water and is
valid to frequencies as high as 40 GHz with the use of very
narrow probes. Elsewhere, we have described several results
obtained using these techniques for a variety of aqueous
systems [8], [9].
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